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Abstract 

Recently, the explicit volume formulae for hyperbolic cone- 
manifolds, whose underlying space is the 3-sphere and the singular 
set is the knot 4i and the links h\ and 6|, have been obtained by the 
second named author and his collaborators. In this paper we explicitly 
find the hyperbolic volume for cone-manifolds with the link 6§ as sin- 
gular set. Trigonometric identities (Tangent, Sine and Cosine Rules) 
between complex lengths of singular components and cone angles are 
obtained for an infinite family of two-bridge links containing 5f and 
6|- 
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1 Introduction 

Starting from Alexander's works, polynomial invariants have become a very 
convenient instrument for knot investigation. Several kinds of knots polyno- 
mials have been discovered in the last twenty years. Among these, we recall 
the Jones-, Kaufmann-, HOMFLY-, A-polynomials and others ([E], 0, [H])- 
These polynomials relate knot theory to algebra and algebraic geometry. 
Algebraic techniques are used to find the most important geometrical char- 
acteristics of knots, such as volume, length of shortest geodesies and others. 
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The explicit volume formulae for hyperbolic cone-manifolds, whose un- 
derlying space is the 3-sphere and the singular set is the knot 4i and the 
links 5f and 6?,, have been obtained in ^7j, JH] and [To] . 

The aim of our paper is to explicitly find the hyperbolic volume for cone- 
manifolds with the link 63 as singular set. In order to do this, we will in- 
troduce a family of hyperbolic cone-manifolds W p (a, f3), with the two-bridge 
links W p , with slope (4p + 4)/(2p+ 1) as singular set, and a, (3 as cone angles. 

Trigonometric identities (Tangent, Sine and Cosine Rules) between com- 
plex lengths of singular components and cone angles for W p (a,(3) are ob- 
tained. Then the Schlafli formula applies in order to find explicit hyperbolic 
volumes for cone-manifolds ^(a,/?). 

In the present paper links and knots are considered as singular subsets 
of the three-sphere endowed by a Riemannian metric of negative constant 
curvature. 

2 Trigonometric identities for knots and links 

2.1 Cone-manifolds, complex distances and lengths 

We start with the definition of cone-manifold modelled in hyperbolic, spher- 
ical or Euclidian structure. 

Definition 1. A 3-dimensional hyperbolic cone-manifold is a Riemannian 3- 
dimensional manifold of constant negative sectional curvature with cone-type 
singularity along simple closed geodesies. 

To each component of the singular set is associated a real number n > 1 
such that the cone-angle around the component is a = 2ir/n. The concept 
of hyperbolic cone-manifold generalizes that of hyperbolic manifold, which 
appears in the partial case when all cone-angles are 2tt. Hyperbolic cone- 
manifolds are also a generalization of hyperbolic 3-orbifolds, which arises 
when all associated numbers n are integers. Euclidean and spherical cone- 
manifolds are defined similarly. 

In the present paper hyperbolic, spherical or Euclidean cone-manifolds C 
are considered whose underlying space is the three-dimensional sphere and 
the singular set £ = X 1 U S 2 U . . . U E fc is a link consisting of the components 
YP = TP(a.j), j = 1, 2, . . . , k with cone-angles ai, . . . , a* respectively. 

We recall a few well-known facts from hyperbolic geometry. 
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Let H 3 = {(-2,0 6 C x R : ( > 0} be the upper half space model of the 
3 -dimensional hyperbolic space endowed by the Riemannian metric 

, „ dzdz + df 2 
ds 2 = ■ 



We identify the group of orientation preserving isometries of H 3 with the 
group PSL(2, C), consisting of linear fractional transformations 

A':zeC^. 

cz + d 

By a canonical procedure, A' can be uniquely extended to an isometry of H 3 . 

We prefer to deal with the matrix A = ^ ^ ^ j E SL(2, C) rather than 

the element A' 6 PSL(2,C). The matrix A is uniquely determined by the 
element A', up to a sign. In the following we will use the same letter A for 
both A and A', as long as this does not create confusion. 

Let C be a hyperbolic cone- manifold with the singular set S. Then C 
defines a nonsingular but incomplete hyperbolic manifold A4 = C— S. Denote 
by $ the fundamental group of the manifold M.. 

The hyperbolic structure of M. defines, up to conjugation in PSL(2, C), 
a holonomy homomorphism 

h : $ -> PSX(2,C). 

It is shown in [23J that the holonomy homomorphism of an orientable cone- 
manifold can be lifted to SL(2, C) if all cone-angles are at most 7r. Denote 
by h : $ — > SL(2, C) this lifting homomorphism. Choose an orientation on 
the link S = X 1 U X 2 U . . . U S fc and fix a meridian-longitude pair {rrij, lj} for 
each component S J = E-^Oj). Then the matrices Mj = h(rrij) and Lj = h(lj) 
satisfy the following properties: 

tr (Mj) = 2 cos(<x,/2), MjLj = LjMj , j = 1, 2, . . . , k. 

Now we point out some definitions and results from the book j^j. A matrix 
A G SL(2, C) satisfying tr (^4) = is called a (normalized) line matrix. We 
have from definition A 2 = —I, where / is the identity matrix. Hence any line 
matrix determines a half-turn about a line in H 3 , and this line determines 
the matrix up to sign. According to |H p. 63], there exists a natural one-to- 
one correspondence between line matrices and oriented lines in H 3 . Hereby, 
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if a line matrix A determines an oriented line Xa = [e, e'] with end points 
e and e', then the line matrix —A determines the line [e',e]. Moreover, if 
a matrix F e SL(2, C) is considered as a motion of H 3 , then the matrix 
FAF' 1 determines the line [F(e), F(e')]. 

Definition 2. Let Xa and As be oriented lines determined by the line 
matrices A and B. A complex number \i is called a complex distance from 
Xa to A^ if its real part 3?/x is the distance from A^ to A#, and its imaginary 
part S/x is the angle from A^ to A# chosen in [0, 27r) . 

We have H p. 68] 

cosh/i = -^tr (AB). (1) 

From now on, all lines in this paper will be supposed to be oriented. 

Any isometry A of H 3 different from parabolic and the identity has two 
fixed points u and v in C. It acts as a translation of distance ta along the 
axis Xa = [u,v] and rotation of ifA about A^. 

Definition 3. We call displacement of A the complex number 6(A) = ta + 

Zip A- 

The isometry A, without an orientation of its axis, determines 6(A) up 
to sign. By [H p. 46], for the isometry given by a matrix A e SL(2, C) we 
have 

2 cosh 5(A) = tr (A 2 ) = tr 2 (A) - 2. 

We remark that if 6(A) ^ then A has two different fixed points, so it 
admits an axis determined by these points. The line matrix A of this axis is 
defined by 

~ A — A^ 1 
2i sinh 

Since <5(A _1 ) = —5(A), the matrices A and A' 1 define the same line matrix 
A = A =l (see @j). 

Definition 4. The complex length jj of a singular component S J of the cone- 
manifold C is the displacement 5(Lj) of the isometry Lj, where Lj = h(lj) is 
represented by the longitude lj of S- 7 . 

Immediately from the definition we get [3J p. 46] 

2cosh 7i = tr(L 2 ). (3) 
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We note p. 38] that the meridian-longitude pair {rrij, lj} of the ori- 
ented link is uniquely determined up to a common conjugating element of the 
group $. Hence, the complex length jj = rj + i <pj is uniquely determined 
(mod 2m), up to a sign, by the above definition. 

We need two conventions to correctly choose real and imaginary parts of 
jj. The first convention is the following. By the assumptions on the singular 
set we have rj ^ 0. Hence, we can choose jj in such a way that rj > 0. The 
second convention concerns the imaginary part tpj. We want to choose (fij 
such that the following identity holds 

ooah| = ~tr(L i ) (4) 

By virtue of identity tr 2 (Lj) — 2 = tr (L|) equality © is a consequence of 
but the converse, in general, is true only up to a sign. Under the second 
convention and (@J) are equivalent. The two above conventions lead to 
convenient analytic formulas in order to calculate jj and rj. More precisely, 
there are simple relations between these numbers and the eigenvalues of the 
matrix Lj. Recall that det(Lj) = 1. Since Lj is loxodromic, it has two 
eigenvalues jj and 1/fj. We choose jj so that \jj\ > 1. The case \jj\ = 1 is 
impossible because in this case the matrix Lj is elliptic and therefore rj = 0. 
Hence 

21 21 
fj = - e2 ' l/il = e 2 - 

In this paper we consider a family of cone-manifolds whose singular sets 
are links which are generalizations of the Whitehead link. The link W p , p > 0, 
is the two-component link depicted in Figure 1, where p is the number of half 
twists of one component. For this reason we will call them twist links. It is 
easy to see that Wq is the torus link of type (2, 4) and W\ is the Whitehead 
link. All twist links are two-bridge links, in particular W p is the two-bridge 
link with slope (4p + 4)/(2p + 1), for all p > 0. They are all hyperbolic, 
except for W . 

Denote by W p (a, /3) the cone-manifold whose underlying space is the 3- 
sphere and whose singular set consists of the twist link W p with cone angles 
a = 27[/m and (3 = 2it/n (see Figure 1). It follows from the Thurston 
theorem that W p (a, /3), with p ^ 0, admits a hyperbolic structure for all 
sufficiently small a and (3. 

By the Kojima rigidity theorem ^H] the hyperbolic structure is unique, 
up to isometry, if < a, (3 < ir. 
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Figure 1: The cone-manifold W p (a,/3). 

In our paper we deal only with this range of angles. 

Let us investigate the hyperbolic structure of the cone-manifold W p (a, (3). 
Its singular set E = S 1 U £ 2 of consists of two components S 1 = S 1 (o;) 
and £ 2 = S 2 (/3) with cone-angles a and /3 respectively. Wp(a, /3) defines a 
nonsingular but incomplete hyperbolic manifold M. = W p (a,j3) — S. The 
fundamental group of the manifold M. has the following presentation 

$ p = (s,t | s/ s = Z s s) = (s,t I t/f = Z t t), 

where s and t (resp. Z s and Z t ) are meridians (resp. longitudes) of the com- 
ponents S 1 and S 2 respectively. 

We use the following expression of l s in terms of s and t: 

Z s = if p is odd, (5) 

l s = s _1 [t, s] 2tst[s _1 , t^ 1 } 2 , if p is even, (6) 

where [s, £] = s£s -1 £ -1 . 

The expressions for Z t can be easily obtained by exchanging s and £ in the 
previous formulae. 
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Let 

h = h a ,p : $ P -> P5L(2, C) 

and 

h = h a>p :$ p ^SL{2,C) 

be holonomy homomorphisms and Y a ^ = h a ^{^ p ). The images h a) p(s) and 
h a ,p{t) of s and i are rotations in H 3 of angles a and (3 respectively. The 
group Ta t /3 is generated by the two matrices S = h a ,p{s) and T = h a ,p(t) 
with the following properties: 

a (3 
tr (S) = 2 cos — , tr(T) = 2cos— , SLs = LsS, 

where L 5 = h a ^(l s ). 



2.2 Complex distance equation for two-bridge links 

The fundamental group of (the exterior of) a link K is generated by two 
meridians if and only if K is a two-bridge link PQ. Moreover, a two-bridge 
link is hyperbolic if and only if its slope is different from p/1 and p/(p — 1) 
(see 



Proposition 1 Let $ = (s,t) be the fundamental group of a hyperbolic two- 
bridge link K generated by the two meridians s and t. Let T a ^ = h a fi{<&) 
be the image of $ under the holonomy homomorphism of the hyperbolic cone 
manifold K(a,j3). Then, up to conjugation in SL(2, C), the generators S = 
h a fi{s) and T = h a> p(t) ofT a ^ can be chosen in such a way that 

„ / cosf i easing \ / cos f ze"2sinf \ . . 

\ i e 2 sin ^ cos ~ J \ % e 2 sin ~ cos ~ / 

where p is the complex distance between the axis of S and T. 



Proof. After a suitable conjugation in the group SL{2, C), one can assume 
that the oriented axes of the elliptic elements S and T are As = [— e? , e^] and 
At = [— e~2 5 e~a]. Since tr (S 1 ) = 2 cos ~ and tr (T) = 2 cos |, the matrices 
5 and T are given by (j7J). Check that p coincides with the complex distance 
p(S, T) between As and At- The line matrices S and T, corresponding to 
these axes, can be obtained by (J2J). Since 5(S) = ia and S(T) = i j3, we have 
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S = ( .£ I 6 I and T = ( ? P ^ ) respectively. By HI p. 
\ -ze"2 J \ -%e* J j j f-t r 

68] we get cosh p(S, T) — — ~ tr (ST) = cosh p. ■ 

The following two propositions can be obtained by direct calculation from 
the above statement. 

Proposition 2 Let 

$ 2 = (s,t: sl = Is, I = s'Hst^s'Hsts'H^st) 

be the fundamental group of the two-bridge link W2 with slope 12/5 and T a ^ = 
h a ,p{®2) = (S,T) be the image of $2 under the holonomy homomorphism of 
the hyperbolic cone manifold W 2 (a,P). Denote by p = p(S,T) the complex 
distance between the axes of S = h a> p(s) and T = h a> p{t). Then u = coshp 
is a non-real root of the complex distance equation 

4z 3 - Aabz 2 + (3aV + 3a 2 + 3b 2 - l)z - ab(a 2 b 2 + a 2 + b 2 - 3) = 0, (8) 

where a = cot |- and b = cot ^ . 

Proof. Denote by L = S^TST^S^TSTS^T^ST the image of the lon- 
gitude / under the holonomy homomorphism h = h a ^ : $ 2 ~~ > SX(2, C). 
Then we have SL = LS. 

Let N be a line matrix corresponding to the common normal to the 
axes of S and T. If S and T are represented in the form (J7J) then one can 

take N = ( 1 . j . It is not difficult to verify that NSN' 1 = S' 1 and 



x 

NTN- 1 = T-\ 

To complete the proof, we need the following lemma, which gives simple 
criteria for matrices S and L to be permutable. 

Lemma 3 The following conditions are equivalent: (i) SL = LS; (ii) 
NLN' 1 = L _1 ; (Hi) tr (NL) = 0. 

Proof. First we show that (i) and (ii) are equivalent. In- 
deed, since L = S^TST^S^TSTS^T^ST we have NLN' 1 = 
ST^S^TST^S-^STS^T- 1 = SL^S' 1 . Hence (ii) holds if and only 
if S and L~ x are permutable. The last property is equivalent to (i). Because 
of iV 2 = —I the condition (ii) can be rewritten in the form NLNL = —I; 
that is equivalent to (iii). ■ 
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By this lemma and direct calculation we have 

tr ( M > = (1 fmrw ' (iu ' + aV + " 2 + " 2 " 3) ■ 

• (4m 3 - 4afew 2 + (3a 2 6 2 + 3a 2 + 36 2 - l)u - ab[a 2 b 2 + a 2 + b 2 - 3)) = 0, 
where u = cosh p. 

Now we have to show that u is a non-real root of (jHJ). Since is the 
holonomy group of a hyperbolic cone-manifold, it is non-elementary 1 and is 
not conjugated to a subgroup of SL(2, R) jHj. 

If sinh p = then the axes S and T coincide, and the group r a> p is 
elementary. 

If u is a root of equation 

4m 2 + a 2 b 2 + a 2 + b 2 - 3 = 

then by equality 

4(a 2 + u 2 ){Au 2 + a 2 6 2 + a 2 + b 2 - 3) 2 
tr ~ (a 2 + 1) 3 (6 2 + l) 3 

we have tr L — 2. From (J1J) we obtain 

cosh — = — tr (L) = — 1. 

Hence r )s = r s J r^ { Ps = 27ri and the real length r$ of the link component Ei 
is equal to zero, which is a contradiction. 
Suppose that u = cosh p is a real root. Let 

(Z3 - Zl)(z4 ~ Z 2 ) 



R(Z\, Z2, Z3, Z4) 



>3 - Z 2 ) (24 - Zl) 



be the cross ratio of the four points z±, Z2, Z3, Z4 G C. Then 
ea , ea , — e~2 ; e ~2) = (cosh p — 1)/ (cosh p + 1) e R U {00}. We have 
that the axes [— e2,e2] and [— e _ 2 ; e~2] of S and T lie in a common plane. 
If the axes intersect then the group r Qj/ g = (S,T) has a fixed point and is 
elementary. If they do not intersect, Y a ^ is conjugated to a subgroup of 
SX(2,R). 

Therefore, we have shown that m is a non-real root of (jSJ) and the proof 
of Proposition |21 is completed. ■ 

The next proposition can be proved by similar arguments. 

1 A subgroup G of SL(2, C) is called elementary if it has a finite orbit in H 3 U C. 
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Proposition 4 Let 

$ 3 = (s,t: si = is, i = sts~ 1 r 1 sts~ l r 1 sr 1 s'' 1 tsr 1 s~H} 

be the fundamental group of the two-bridge link W3 with the slope 16/7 and 
r a „g = h a ^(§ 3 ) = (S,T) the image of§ 3 under the holonomy homomorphism 
of a hyperbolic cone manifold W 3 (a,P) generated by S = h a ^{s) and T = 
h a ^(t). Denote by p = p(S,T) the complex distance between the axes of S 
and T. Then u = cosh p is a non-real root of the complex distance equation 

= 8u 5 + 8abu 4 + 8(a 2 b 2 + a 2 + b 2 - l)u 3 + Aab(a 2 b 2 + a 2 + b 2 - 3)u 2 + 

(a 4 6 4 + 2a 4 b 2 + 2a 2 b 4 - Aa 2 b 2 + a 4 + 6 4 - 6a 2 -Qb 2 + l)u- Aab(a 2 b 2 + a 2 + b 2 -l), 
where a = cot | and b = cot |. 

2.3 Tangent, Sine and Cosine rules 

If we set z = tr (S' _1 T) then, from presentation in Proposition we have 

/ a P , . a . (3 
z = ilcos — cos — h it sm — sin — ) , 
v 2 2 2 2 ; 

where u = cosh p. 

The algebraic equation for z and its behaviour was considered in a number 
of papers (see [3], [3], jH] and others) devoted to PSL(2,C) representation 
of two-generator groups. 

In general, the equation for u (as well as for z) is very complicated, even 
for twist links. In spite of this, since u = cosh p has a very clear geometric 
sense, we are able to produce some general results for twist links without 
calculating u. 

Proposition 5 Let W p (a,(3) be a hyperbolic twist link cone-manifold. De- 
note by S = h a ^(s) and T = h a ^(t) the images of the generators of 
the group $ p = (s,t | sl s = l s s) under the holonomy homomorphism 
h a ,p '■ & P —> 5X(2,C). Set u = coshp, where p is the complex distance 
between the axes of S and T , such that > 0. Moreover, denote by 7 a and 
7/3 the complex lengths of the singular components of W p (a,/3) with cone- 
angles a and (3 respectively. Then 

a ,7/3 . P , la 

u = i cot — coth — = 1 cot — coth — . 
2 4 2 4 



10 



Proof. To prove the statement we need to calculate the complex distance 
between axes of elliptic elements S and T in two ways. By definition, L$ = 
h a fi{l s ) and Lt = h a ,p{lt), where l s and l t are the longitudes of the singular 
components of W p (a, /3) with cone angles a and (3 respectively 

First of all we fix an orientation on the axes of S and T by the following 
line matrices 

g_ S-S- 1 ~_ T-T- 1 

2zsinh^' 2isinhf 

Then the complex distance p(S, T) between the oriented axes of S and T is 
defined by (UJ: 

coshp(^,T) = -~tr(£T). 
Using (J2J we define the line matrices for Ls and Lt as 

_ Ls — Lg 1 ~ _ L T — Lrp 1 
5 ~2*sinhf T ~2zsinhf 

To continue the proof, we need two lemmas: 

Lemma 6 For every S, T we have S = —Ls and T = —Lt- 

Proof. Up to conjugation in SL(2, C), we can assume that S is given by 



S 



Note that Ls is a loxodromic element, with displacement j a , permutable 
with S. Since L^ 1 = Ls , we can assume that 

±e J ^ 
±e"^ 




By convention (see formula (@J)) we have 



tr (Ls) = —2 cosh 



Hence 

la 

-e 2 
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7a 

-e 2 



and we obtain 

7 _ L s-Lf _ ( % 
S 2i sinh \ \ -i 

and 

~ s-s- 1 ( -i 

o 



2isinh^ V z 



Lemma 7 For every S, T we have tr (S) = tr (5 1 Lt) and tr (T) = 
tT (T^Ls). 

Proof. To prove tr (T) = tr (T~ x Ls) it is enough to show that T -1 Is is 
conjugated to either T or T _1 in the group T a> p. If p is odd, we have from 
©: 

T~ x Ls = T- x [S,Tpr f^T" 1 ] 2 ^ = [ T ~\ S] 1 ^ T'^T' 1 , S]'^. 
If p is even, we have from 
T~ l L s = T^S^lT, S]iTST [S' 1 , T _1 ] 2 = T^S" 1 ^, S]f T [T, S]-f ST. 

The equality tr (5*) = tr (S -1 It) can be obtained in a similar way. ■ 

To complete the proof of Proposition we note that tr (XY) = 
tr(X)tr(Y) -tr(X^Y), tr (X" 1 ) = tr (X) and tr (XY) = tr (X^F" 1 ) 
holds for all X, Y G SL(2, C). By Lemma Lemma [7| and formulae 
tr (S) = 2 cos ~, tr (Ig) = —2 cosh we have 

coshp(^,T) = -~tr(£f) = itr(^) = 

1 /S-S- 1 L T -L^\ ^(SLt-S^Lt-SL^ + S^L- 1 ) 
- - tr 1 1 - 



2 V 2 sin f 2z sinh ^ / Si sin f sinh ^ 

2(tr (SL T ) - tr (5 , " 1 L r )) tr (S)tr (L T ) - 2tr (S^Lt) 



8i sin I sinh -y 4i sin 2 sinh y 

tr (S)tr (It) - 2tr (S) _ tr (5) (2 - tr (L T )) 
4i sin 77 sinh ^ — 4i sin 2 sinh y 

2cosf(2 + 2coshf ) a , 7j8 

= ^ a = 1 cot — coth — . 

-4i sin f sinh ^ 2 4 



12 



Since cosh p(S, T) = cosh p(T, S) — u the statement follows. ■ 

As an immediate consequence of the previous proposition, we have the 
following result. 

Theorem 8 (The Tangent Rule) Suppose that W p (a, (5) is a hyperbolic cone- 
manifold. Denote by 7 a and 7^ complex lengths of the singular geodesies of 
W p (a, (3) with cone angles a and {3 respectively. Then 

tanh Y _ tan f 
tanhf ~ tanf ' 

The following two theorems are consequences of the Tangent Rule. 

Theorem 9 (The Sine Rule) Let 7^ = r a + itp a and 73 = rp + iipp be 
the complex lengths of the singular geodesies of a hyperbolic cone-manifold 
W p (a,f3) with cone angle a and f3 respectively. Then 

sin sin ^ 



sinh r -f sinh ^ ' 



Proof. By the Tangent Rule we have 



tanh 2f tanh -f 



where a = tan | and B = tan | are real numbers. Hence 

K(tanh^) _ K(tanh^) 
a b 

and 

S(tanh^) _ 3(tanhf ) 

a b 
Dividing one equation by the other we obtain 



K(tanh^) K(tanhf) 



3(tanh^) S(tanhf) 
By direct calculations we have 

ftftanh = l( t anh g + tanh |) = ^ 
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and 

3(tanh ^) = l(tanh \ - tanh ^) = ^ ^ „ 
4 ; 2? v 4 4 ; cosh 2£ + cos 2* 



2 

Since r a > 0, we have cosh — > 1. Therefore cosh — + cos — > and the 

2 2 2 

result follows. ■ 

Theorem 10 (The Cosine Rule) Let ^ a — r a + i <p a and 7/3 = rp + iipp be 
the complex lengths of the singular geodesies of a hyperbolic cone-manifold 
W p (a,(3) with cone angle a and f3 respectively. Then 

cos cosh ^ — cos cosh ?f cos a — cos (3 



cosh cosh ^ — cos ^ cos 1 — cos ct cos (5 



2 2 
Proof. By the Tangent Rule 



tanh 2* tanh ^ tanh ^ tanh ^ 



a 2 6 2 
where a = tan | and b = tan |. Hence 

1 + cos a cosh ^ - cos ^ 1 + cos (3 cosh ^ - cos ^ 



1 — cos a cosh ^ + cos 1 — cos /5 cosh -f + cos 2 



Set 



COS^ COS^y- 

p = coso;, g = cosp, p = — , q = 



cosh ^ ' ' cosh ^ 



and rewrite the above equation in the form 

l+pl-p'_l + ql-q' 
l-j9l+p /_ l-gl + g'' 

or, equivalently, as 

1 + p 1 - p' 1 + g 1 - g' 

log + log — — = log + log — — -. 

1 — p 1 + p 1 — q 1 + q 

1 1+p 

Since arctanhp = - log we have 

2 1 — p 

arctanhp — arctanhp' = arctanhg — arctanhg'. 
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and 

arctanhp — arctanhg = arctanhp' — arctanhg'. 

Hence 

p — q p' — q' 
1 — pq 1 — p'q' 

and, after substituting the expressions for p,q,p',q' in the last formula, we 
obtain the statement. ■ 

We remark that, in the case of Whitehead link cone- manifolds, Tangent 
and Sine rules are obtained in [Tlj . 

3 Explicit volume calculation for twist link 
cone- manifolds 

3.1 The Schlafli formula 

In this section we will obtain explicit formulae for the volume of some special 
cone-manifolds in the hyperbolic and spherical geometries. In the case of 
complete hyperbolic structure on the simplest knot and link complements 
such formulas, in terms of Lobachevsky function, are well-known and widely 
represented in [2T|. In general, a hyperbolic cone-manifold can be obtained 
by completion of a non-complete hyperbolic structure on a suitable knot or 
link complement. If the cone-manifold is compact, explicit formulas are only 
known in a few cases jH] , [Ej , [H] , [IS] , [IE] , jEj , [IE] , [IE] ■ In all these cases 
the starting point for the volume calculation is the Schlafli formula (see, for 
example [TT]). 

Theorem 11 (The Schlafli volume formula) Suppose that C t is a smooth 
1-parameter family of (curvature K) cone-manifold structures on an n- 
manifold, with singular locus Eo/a fixed topological type. Then the derivative 
of volume of Ct satisfies 

(n - l)KdV{C t ) = V n - 2 ((r) d6{a) 

(7 

where the sum is over all the components a of the singular locus E, and 8(a) 
is the cone angle along a. 
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In the present paper we will deal mostly with three-dimensional cone- 
manifold structures of negative constant curvature K = — 1. The Schlafli 
formula in this case reduces to 



dV 



where the sum is taken over all the components of the singular set £ with 
lengths fj and cone angles 0j. 

Our aim is to obtain the volume formulas for twist link hyperbolic cone- 
manifolds W2{oi,/3). We note that the volume formula for W\{a,(3) were 
obtained earlier in [TB] and [T9*] . 

Proposition 12 Let Wz{a,0) be a hyperbolic cone-manifold and r a , r@ the 
lengths of its singular components, with cone angles a and (3 respectively. If 
a = cot | and b = cot |, then 

a a 
r a = 2i arctan — — 2i arctan =, (9) 

c c 

b b 
rp = 2i arctan - — 2% arctan =, (10) 

where ( is a root of the equation 

4(z 2 + a 2 )(z 2 + b 2 ) - (1 + a 2 )(l + b 2 )(z - z 2 ) 2 = 0, (11) 
with 9f(C) > 0. 

Proof. By Proposition we have 

i b coth-^ = i a coth^ = u, (12) 

where u = cosh p, and p is a complex distance between the axes of S and T, 
chosen so that > 0. By Proposition u is a root of the cubic equation 

Az 3 - Aabz 2 + (3a 2 b 2 + 3a 2 + 36 2 - l)z - ab[a 2 b 2 + a 2 + b 2 - 3) = 0. 

From ()12j) . for a suitable choice of analytical branches, 

7 a 7 u u a a 

r a = 1 = 2i arctan - — 2i arctan — = 2i arctan — — 2i arctan =, 

2 2 b b C C 
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where ( = ab/u, 3(C) > 0, satisfies the equation 

Q{z) = (a 2 b 2 + a 2 + b 2 - 3)z 3 - (3a 2 b 2 + 3a 2 + 3b 2 -l)z 2 + Aa 2 b 2 z - Aa 2 b 2 = 0. 
To finish the proof we note that 

(z + l)Q(z) = -A(z 2 + a 2 )(z 2 + b 2 ) + (1 + a 2 )(l + b 2 )(z - z 2 ) 2 . 

■ 

In the next section we will apply this result to calculate the volume of 
W2(a,/3) via the Schlafli formula. 

We remark that formulae © and (|10jh as a consequence of the Tangent 
Rule, also hold for all twist links W p , with ( = ab/u, where u = cosh p. 

For example, an analog for the algebraic equation (jllj) . in the case of 
twist link W3, can easily be obtained from Proposition But in this case 
the equation became too complicated and we are not able to explicitly find 
the integrand in the Schlafli formula. 

3.2 Volume of twist link cone- manifolds 

The case of the Whitehead link cone manifolds Wi(at, /3) has already been 
solved (see [TH] and [H]). 

Theorem 13 [Tot ITU] Let Wx(a, (3) be a hyperbolic Whitehead link cone- 
manifold with cone angles a and (3. Then the volume ofWi(a,/3) is given by 
the formula 

VolWi(a,/3) =i J_ log 

where a = cot ^, b = cot | and ( is a non-real root, with S(C) > ; of the 
equation 

2(z 2 + a 2 )(z 2 + b 2 ) - (1 + a 2 )(l + b 2 )(z 2 - z 3 ) = 0. 
The main result of this section is the following. 



2{z 2 + a 2 )(z 2 + b 2 ) 
(l + a 2 )(l + 6 2 )(z 2 ~z 3 )_ 



dz 
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Theorem 14 Let W^a, (3) be a hyperbolic twist link cone-manifold with cone 
angles a and (3. Then the volume of K^a, (3) is given by the formula 



Vol W 2 (a, (3) = i log 



4(z 2 + a 2 ){z 2 + b 2 ) 
[l + a 2 )(l + b 2 ){z- z 2 ) 2 



dz 



(13) 



where a = cot ~ ; b = cot | and ( is a non-real root, with 3(C) > 0, of the 
equation 



2\2 



A(z 2 + a 2 )(z 2 + b 2 ) - (1 + a 2 )(l + b 2 )(z - z 2 ) 



0. 



(14) 



Proof. Denote by V = Vol W^a, (3) the hyperbolic volume of Wz{cx., (3). 
Then by virtue of the Schlafli formula we have 



dV 
da 



r a dV 
'~2~' ~d(3 



2 : 



(15) 



where r a and r a are the lengths of the singular geodesies having cone angles 
a and (3 respectively. 

We note that for a — (3 and 3(C) — > the geometrical limit of the 
cone-manifold W^a, oi) is an Euclidean cone manifold W2(cko, a o)i where 
«o = 2.7243... < 7r. (See Example 1 in Section 3.3 below). Hence, by Theorem 
7.1.2 of EH, we have 



V -> as a = /? and 3(C) -> 0. 



(16) 



We set 



where 



F(z, a, b) 



1 



log 



a, b) dz, 
A(z 2 + a 2 )(z 2 + b 2 ) 



[1 + a 2 )(l + b 2 )(z - z 2 ) 2 ' 

Now we show that W satisfies conditions ()15)) and (jlfij) . So W = V and the 
theorem follows. 

By the Leibniz formula we have 



dW dC - dC 



c dF(z,a,b) da 

TT7. dz ( 17 ) 



C 



da 



da 
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We note that F((, a, b) = F((, a,b) =0 if (, (, a and b are the same as 
in the statement of the theorem. Moreover, since a = 2 arccot a we have 

da 1 + a 2 

— — = and 

da 2 

dF(z, a, b) da ia 



da da z 2 + a 2 
Hence, by Proposition^! we obtain from (fTTl) 

dW n dz . a a r n 

—ia / — = —i arctan — + i arctan : 



da z 2 + a 2 C C 2 ' 

dW rn 

The equation — — = can be obtained in the same way. The bound- 
op 2 

ary condition (|T6|) for the function W follows from the integral formula. ■ 



3.3 Particular cases and examples 

1. Case a = (3. In this case, Equation (fTl|) splits into two quadratic 



equations: 
and 



{1 + a 2 ){z - z 2 ) + 2{z 2 + a 2 ) 



(l + a 2 )(z- z 2 ) -2(z 2 + a 2 

The first has two real roots z = 
has two non-real roots 




0. 



2l,2 



-1 and z = 2a 2 /(a 2 — 1). The second 
1 + a 2 ± VI - 22a 2 - 7a 4 



2(3 + a 2 



By ^U], A = 1 — 22a 2 — 7a 4 is < in the hyperbolic case, = in 
the Euclidean case and > in the spherical case. In the Euclidean 
case we obtain a 2 = cot 2 (a /2) = (Vl28 - ll)/7 = 0.0448... and 
a = a = cot (oto/2) = 0.2116... . So the cone-manifold is hyperbolic 
for < a < ao = 2.7243... and is Euclidean for a = a$. 

From (|T3*|) we have 

2 



VolW 2 (a,a) 



Z2 



log 



2(^ 2 + a 2 ) 



_(^-z 2 )(l + a 2 )J z 2 -l 



dz 
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By differentiation with respect to a and then by integration with respect 
to z we obtain 

vim// \ i f a , , V7t 4 + 22t2 _ 1 dt 
Vol MMa, a) — 4 / arctanh ■ 



tt() 



t{5 + t 2 ) t 2 + l' 



Since the integrand is pure imaginary for < t < we are able to 
compute the volume in a more convenient way 



V7i 4 + 22t 2 — 1 dt 

Voliy 2 (a, a) = 49ft / arctanh- 



t(5 + 1 2 ) t 2 + r 

where a = cot |. 

2. Case a = /3 = n/2. In this case equation (fT4"j) becomes 

(z + l)(z 2 - z + 2) = 0. 
Hence, the non-real roots are 

1 iiv 7 ^ 

and 

l+i\/7 „ 

VolH/ 2 (vr/2,7r/2) = 2z / log^^r- = 2.6667... 

i-iV7 z — z 2 z 2 — 1 

3. Case a = (3 = 0. Recall that W 2 (0,0) is the complete hyperbolic 
manifold S 3 \ iy 2 . By arguments similar to the previous case, we 
obtain 

l+iV7 

r — 2 — 2 cfe 
VolW 2 (0,0) = 2i / log -— = 5.3334... 

f i-iVf Z — Z 2 Z 2 — 1 

^ 2 

Note that VolW 2 (0,0) = 2 Vol W 2 (n/2, n/2). 

4. Case a = 0, /3 = 7r/3. In this case equation (jHj) reduces to 

(1 + ^)(3-3z + 3z 2 -^ 3 ) = 0. 



20 



Hence, the non-real roots are 



Z\,2 = 1 - 



1 ±iV% 
^4 



and 



i- 



l-is/Z 



z 2 + 3 cfe 



VolH/ 2 (0,vr/3) = i 




log 



(2; — z 2 ) 2 z 2 — 1 



4.6165... 



1- 



The results of the above numerical calculation coincide with the corre- 
spondent results obtained by Weeks's Snap Pea program [52] . 
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